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1. Background
1.1. Calibrated geometry
Calibrated manifolds are introduced by Harvey and Lawson in the foundational paper [1]. These are the geometries of
minimal submanifolds of a Riemannian manifold which are determined by a closed form ϕ , called calibration. Now, we will
begin by reviewing calibrated geometry and setting the notations we are going to use throughout the paper. See the details
[1,2].
Let V be an inner product space and G(k, V ) be the Grassmannian of oriented k-planes in V considered as the subset
G(k, V ) ⊂∧k V of unit simple vectors.
Let X be an n-dimensional Riemannian manifold and G(k, T X) denote the Grassmann bundle of oriented tangent
k-planes on X . Given a smooth k-form ϕ ∈ Ωk(X), we can deﬁne the following function: ϕ : G(k, T X) −→ R if ξ =
e1 ∧ · · · ∧ ek ∈ G(k, T X), ϕ(ξ) = ϕ(e1, . . . , ek) where {e1, . . . , ek} is a set of orthonormal vectors.
If ϕ is closed and ϕ  1, then ϕ is called a calibration. Since, vol(e1, . . . , ek) = 1, we can express ϕ  1 as ϕ|ξ  vol|ξ .
A k-plane ξ is called a ϕ-plane or a calibrated plane if ϕ|ξ = vol|ξ , and the set of ϕ-planes, G(ϕ) = {ξ ∈ G(k, TM): ϕ(ξ) = 1}
is called the contact set of the calibration ϕ .
Each calibration ϕ determines a special geometry of submanifolds called ϕ-submanifolds or calibrated submanifolds. An
oriented k-dimensional submanifold M of X is a calibrated submanifold or ϕ-submanifold if ϕ|TxM = volTxM for all x ∈ M
i.e. each tangent space is a ϕ-plane. The key observation about these submanifolds, which is also called the fundamental
lemma of calibration theory, is the following:
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minimal and homologically volume minimizing.
A Kähler form w provides the basic and the most classical example of a calibration. In this case, the ϕ-submanifolds are
complex submanifolds of dimension one. In fact ϕ = wpp! for some p, 1 p  n. On a Kähler manifold of dimension n, ϕ is
a calibration, and ϕ-submanifolds are complex submanifolds of dimension p.
The theory of calibrations is closely connected to theory of Riemannian holonomy groups since Riemannian manifolds
with special holonomy usually come with one or more canonical calibrations.
A Riemannian 2m-manifold (X, g) with holonomy SU(m) is called a Calabi–Yau m-fold. It comes with a holomorphic
volume form Θ which is an m-form and trivializes the canonical line bundle. The real part ReΘ is a calibration on X ,
and the corresponding calibrated submanifolds are called special Lagrangian submanifolds. Equivalently, both Kähler form w
and Im(Θ) vanish on these calibrated submanifolds. Special Lagrangian submanifolds play an important role in the SYZ-
conjecture which is an attempt to understand Mirror Symmetry [5].
A Riemannian 7-manifold (X, g) with holonomy G2 comes with a 3-form ϕ and a 4-form ∗ϕ (Hodge dual of ϕ) which
are both calibrations. The corresponding calibrated submanifolds are called associative 3-folds, and coassociative 4-folds, re-
spectively.
A Riemannian 8-manifold (X, g) with holonomy Spin(7) comes with a 4-form Ω which is a calibration. The Ω-sub-
manifolds are called Cayley 4-folds.
Calibrated geometry will be interesting and rich if we have lots of calibrated submanifolds. This is actually true for all
of the calibrations mentioned above. But this is not always the case. For many calibrations, calibrated submanifolds are not
that interesting, and most of the time are nothing but ϕ-planes. In their seminal paper [2] Harvey and Lawson extend their
deﬁnition of ϕ-submanifolds to ϕ-critical submanifolds. It is a very canonical extension since every ϕ-submanifold is also
a ϕ-critical submanifold. In the lack of non-trivial examples of ϕ-submanifolds, we may get a very rich geometry if we
consider the ϕ-critical submanifolds.
1.2. ϕ-Critical submanifolds
If ϕ is a calibration on X , then we see that for each x ∈ X , ϕ : G(k, Tx X) −→ [−1,1], and ϕ-planes in G(ϕ)x are critical
points since ϕ attains its global maximum value 1 at a ϕ-plane. Let us denote the critical points of ϕ|G(k,Tx X) by Gcr(ϕ)x
and the associated sub-bundle in Grassmannian by Gcr(ϕ).
Deﬁnition 1.2. Let (X,ϕ) be a calibrated manifold with calibration ϕ . Then any oriented k-manifold M ⊂ X will be called a
ϕ-critical submanifold with critical value c if TxM ∈ Gcrc (ϕ), ∀x ∈ M where
Gcrc (ϕ) =
{
ξ ∈ Gcr(ϕ): ϕ(ξ) = c}.
Note that if M is a ϕ-critical submanifold, then ϕ|M = c ·vol|M where c is the critical value. ϕ-Submanifolds are ϕ-critical
submanifolds with critical value 1. Hence, G(ϕ) = Gcr1 (ϕ).
For the calibrations mentioned in Lemma 1.1, the set of critical values is {−1,1}, hence Gcr(ϕ) = Gcr1 (ϕ)∪ Gcr−1(ϕ) where
Gcr1 (ϕ) = ϕ−1(1) = G(ϕ), and Gcr−1(ϕ) = ϕ−1(−1) = −ϕ−1(1) = −G(ϕ) (cf. [7]). As the following examples shows, this need
not be the case.
In [6] we consider Hn with ϕ = 13 (ωI
2
2 + ω J
2
2 + ωK
2
2 ), the quaternionic calibration. In this case, ϕ-submanifolds are just
quaternion lines, hence they don’t have an interesting geometry. But, we show that ± 13 are critical values of ϕ , and ϕ-critical
submanifolds include all complex isotropic submanifolds for any complex structure deﬁned by right multiplication by a unit
imaginary quaternion. In particular for n = 2 they will include all complex Lagrangian submanifolds.
In [4] Robles shows that, for any compact simple Lie group G with its Cartan 3-form ϕ(u, v,w) = c〈u, [v,w]〉 deﬁned
on its Lie algebra g where 1c is the length of a highest root, G(ϕ) G
cr
c (ϕ) if the rank of g is greater than 1. For example,
the principal embedding of SU(2) in SU(3) will be ϕ-critical with critical value 12 .
The importance of closed ϕ-submanifolds comes from the fact that they are globally volume minimizing in their homol-
ogy classes, thus they are a very good source of minimal submanifolds. This is actually also true for ϕ-critical submanifolds
under some weak assumptions. Robles proved that for a parallel calibration ϕ , ϕ-critical submanifolds with non-zero critical
value are also minimal [4, Thm. 1.2].
Generally, the set Gcrc (ϕ) contains three types of oriented k-planes classiﬁed by whether c is a local maximum, local
minimum, or saddle of ϕ . In the rest of the paper, we will show that ϕ-critical submanifolds whose tangent planes are local
maximum points of ϕ with positive critical value are locally volume minimizing for any calibration ϕ .
2. Minimality of ϕ-critical submanifolds
Let (M, ∂M) be a compact oriented k-dimensional manifold with boundary and f : M ↪→ X be an immersion. Now, we
set ψ = f |∂M and denote immersions from M to X by Imm(M, X). We deﬁne
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and denote the set {ξ ∈ Gcrc (ϕ) | c is a local maximum of ϕ at ξ} by Gcrc+ (ϕ).
We will state our main theorem about ϕ-critical manifolds with X = Rn but with an additional mild assumption the
theorem is true for any manifold X with a calibration ϕ .
Theorem 2.1. Suppose f is ϕ-critical immersion of a compact manifold M with boundary ∂M into Rn where ϕ is a calibration. If a
positive critical value c is a local maximum of ϕ at f∗(TxM) for all x ∈ Int(M), then there exists a neighborhood U of f in C1-topology
of Imm(M,Rn;ψ) such that
Vol( f ) Vol(g) ∀g ∈ U .
Furthermore, Vol( f ) = Vol(g) if and only if g is also ϕ-critical.
Proof. Let Gcrc (ϕ) be the ϕ-critical set with critical value c and V ⊂ G(k, TRn) be an open neighborhood of Gcrc+ (ϕ) such
that ϕ(ξ) < c for all ξ ∈ V\Gcrc+ (ϕ). If we consider the immersions in Imm(M,Rn;ψ) whose image under the Gauss map is
contained in V , we can ﬁnd a neighborhood U of f in the C1-topology of Imm(M,Rn;ψ) such that the image of U under
the Gauss map will be contained in V ⊂ G(k, TRn). Then∫
M
f ∗ϕ =
∫
f (M)
ϕ =
∫
f (M)
c · vol f (M) = c · Vol( f )
since f is a ϕ-critical immersion. And for all g ∈ U , we will have∫
M
g∗ϕ =
∫
g(M)
ϕ 
∫
g(M)
c · volg(M) = c · Vol(g)
since for any y ∈ g(M), T y g(M) ∈ V and thus ϕ|T y g(M)  c · volT y g(M) . Moreover, we will have the equality when T y g(M) ∈
Gcrc (ϕ).
We have f |∂M = g|∂M , which will imply that f (M) − g(M) is a cycle in Rn and therefore a boundary since the homology
groups of Rn , Hm(Rn,Z) = 0 for m > 0. Hence, by applying Stoke’s Theorem, we get
c · Vol( f ) =
∫
M
f ∗ϕ =
∫
f (M)
ϕ =
∫
g(M)
ϕ =
∫
M
g∗ϕ  c · Vol(g) ∀g ∈ U,
i.e. Vol( f ) Vol(g), and we have equality if and only if g is also a ϕ-critical immersion. 
Remarks. (i) By reversing the inequalities in the proof, except the last one, the result will be true for a negative critical
value which is a local minimum.
(ii) In the statement of the theorem, Rn can be replaced with any calibrated manifold (X,ϕ), and the proof will still
work as long as f (M)− g(M) is a boundary in X . But, this condition can be easily achieved if we choose U ⊂ Imm(M, X;ψ)
small enough. For all g ∈ U close enough to f , we can ﬁnd a smooth homotopy F : M×[0,1] −→ X between f and g which
is ﬁxed on ∂M . Then, the image of F in X gives the chain whose boundary is f (M) − g(M).
(iii) The proof will also work for the case ∂M = ∅ if X is compact and f (M) and g(M) represent the same homology
class.
For any closed differential form ϕ on a differentiable manifold X , if its comass is known and ﬁnite, then by normalizing
ϕ by its comass, it can be made a calibration. Unfortunately, the computation of comass gets more diﬃcult when the
degree of ϕ and the dimension of X gets bigger. One application of our theorem is that without computing the comass, if
we can ﬁnd local maximum points of any closed form ϕ , then the corresponding ϕ-critical submanifolds are locally volume
minimizing, i.e. stably minimal. As an example, in [3] Liu shows that for any even n  8, Te Pn−1, tangent space to the
Pontryagin cycle at identity is a local maximum point of the adjoint invariant (n − 1)-form ω deﬁned on SO(n) as
ω(M) =
∫
x∈Sn−1
−det(x,M1x,M2x, . . . ,Mn−1x)dx
for M = (M1,M2, . . . ,Mn−1) ∈⊕n−1 so(n), and dx is the standard volume element of Sn−1 ⊂ Rn . Hence, Pontryagin cycles
will be ω-critical, and stably minimal in SO(2k) for k 4.
In [6] while computing the dimension of ϕ-critical set corresponding to the critical value 13 of the quaternionic calibra-
tion on Hn , we ﬁnd out that 1 is not a local maximum value. A long calculation shows that 1 is not a local maximum value3 2
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are parallel, hence the ϕ-critical submanifolds will be minimal by Robles’ result [4].
Neither our theorem nor Robles’ works for zero critical value. In fact, one can show that the critical points of a calibration
ϕ with critical value zero are saddle points, i.e. not local extremums. This can be proved by doing a similar calculation we
did in [6] for the critical value 13 . In this case, the trace of the Hessian at a critical point with value zero will be equal to
zero. Since trace is also equal to the sum of the eigenvalues of Hessian, this will imply that Hessian will have both positive
and negative eigenvalues unless all the eigenvalues are zero.
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